Abstract. Let X be a smooth projective curve of genus g ≥ 2 over C. A pair (E, φ) over X consists of an algebraic vector bundle E over X and a section φ ∈ H 0 (E). There is a concept of stability for pairs which depends on a real parameter τ . Here we prove that the third cohomology groups of the moduli spaces of τ -stable pairs with fixed determinant and rank n ≥ 2 are polarised pure Hodge structures, and they are isomorphic to H 1 (X) with its natural polarisation (except in very few exceptional cases). This implies a Torelli theorem for such moduli spaces. We recover that the third cohomology group of the moduli space of stable bundles of rank n ≥ 2 and fixed determinant is a polarised pure Hodge structure, which is isomorphic to H 1 (X). We also prove Torelli theorems for the corresponding moduli spaces of pairs and bundles with non-fixed determinant.
Introduction
Let X be a smooth projective curve of genus g ≥ 2 over the field of complex numbers. Fix n ≥ 2 and d ∈ Z. We shall denote by M X (n, L 0 ) the moduli space of polystable bundles E over X of rank n and determinant det(E) = L 0 , where L 0 is a line bundle of degree d. This is a projective variety, which is smooth over the locus of stable bundles. If n and d are coprime, then there are no properly semistable bundles, and M X (n, L 0 ) is smooth and projective. If n and d are not coprime, then the open subset of stable bundles M s X (n, L 0 ) ⊂ M X (n, L 0 ) is a smooth quasi-projective variety, and M X (n, L 0 ) is in general singular.
A pair (E, φ) over X consists of a bundle E of rank n and determinant det(E) = L 0 over X together with a section φ ∈ H 0 (E). There is a concept of stability for a pair which depends on the choice of a parameter τ ∈ R. This gives a collection of moduli spaces of τ -polystable pairs M X (τ ; n, L 0 ), which are projective varieties. It contains a smooth open subset M s X (τ ; n, L 0 ) ⊂ M X (τ ; n, L 0 ) consisting of τ -stable pairs. Pairs are discussed at length in [2, 4, 8, 12] .
The range of the parameter τ is an open interval I = I n,d = (τ m , τ M ) ⊂ R. This interval is split by a finite number of critical values τ c . For a non-critical value τ ∈ I, there are no properly semistable pairs, so M X (τ ; n, L 0 ) = M s X (τ ; n, L 0 ) is smooth and projective. For a critical value τ = τ c , M X (τ ; n, L 0 ) is in general singular at properly τ -semistable points.
Our first main result computes the third cohomology group of M s X (τ ; n, L 0 ). Theorem 1.1. Let n ≥ 2. For n = 2 let τ L = τ M − 1, otherwise set τ L = τ M , and let τ ∈ (τ m , τ L ). Assume that we are not in one of the following "bad" cases:
• (n, g, d) = (3, 2, 2k), k = 1, 2, 3;
• (n, g, d) = (2, 2, 5), (2, 3, 5) , (2, 2, 6) , τ = τ M − 2;
• (n, g, d) = (3, 2, 5), τ = 2.
) is a pure Hodge structure which is naturally polarised. (2) There is an isomorphism H 3 (M X (τ ; n, L 0 )) ∼ = H 1 (X) of polarised Hodge structures.
For n = 2, the moduli space M X (τ ; n, L 0 ) for τ ∈ (τ L , τ M ) is a projective space. Therefore the above result for the third cohomology does not hold. On the other hand, the special cases that we remove are of low genus, rank and degree, and for particular critical values of τ .
The following corollary is a Torelli theorem for the moduli spaces of τ -stable pairs. 
The first statement is reduced to the second one since M s X (τ ; n, L 0 ) is the smooth locus of M X (τ ; n, L 0 ). The second one is proved by looking at the polarised Hodge structure
For values of τ slightly bigger than τ m , there is a natural map M X (τ ; n, L 0 ) → M X (n, L 0 ). This allows to prove the following result.
) is a pure Hodge structure which is naturally polarised.
For (n, g, d) = (2, 2, even), the moduli space M X (n, L 0 ) is isomorphic to P 3 (see [14] ), hence the above result does not hold. Also,
From this it is easy to see that the result does not hold for
) is a mixed Hodge structure, whose graded piece Gr
However we are not able to polarise it with the methods in this paper. (2, 3, 2k ), k ∈ Z, then a Torelli theorem holds:
When n and d are coprime, Theorem 1.3 has been proved in [13, 17, 10] . In the non-coprime case, the Torelli theorem was proved in [9] by different methods. Theorem 1.3 has been proved by Arapura and Sastry [1] , but under the condition g >
. Here we remove this lower bound assumption.
Our strategy of proof is the following. First, we find more convenient to rephrase the problem in terms of triples. A triple (E 1 , E 2 , φ) consists of a pair of bundles E 1 , E 2 of ranks n 1 , n 2 , with det(E 1 ) = L 1 , det(E 2 ) = L 2 , respectively, over X and a homomorphism φ :
respectively. There is a suitable concept of stability for triples depending on a real parameter σ. This gives rise to moduli spaces N X (σ;
There is an identification of moduli spaces of pairs and triples given by
where O is the trivial line bundle, and σ = (n+1)τ −d. Actually, this rephrasing is a matter of aesthetic. The arguments can be carried out directly with the moduli spaces of pairs, but the formulas which appear using triples look more symmetric, and clearly they could eventually be generalised to the case of triples of arbitrary ranks n 1 , n 2 . The range of the parameter σ is an interval I = (σ m , σ M ) ⊂ R split by a finite number of critical values σ c . When σ moves without crossing a critical value, then N X,σ = N X (σ; n, 1, L 1 , L 2 ) remains unchanged, but when σ crosses a critical value, N X,σ undergoes a birational transformation which we call a flip. We compute the codimension of the locus where this birational map is not an isomorphism to be at least 2, except in the bad case n = 2, σ = σ M − 3 (corresponding to ) by induction on n.
2 . This is a fibration over the locus M s X (n, L 0 ), when d = deg(L 0 ) is large enough. A computation of the codimension of the locus of strictly semistable bundles allows to check that
We end up with the study of the case of non-fixed determinant. Let M X (n, d) denote the moduli space of semistable bundles of rank n and degree d over X. The open subset consisting of stable bundles will be denoted M 
are not in one of the bad cases enumerated in Theorem 1.1. Then
Moduli spaces of triples
Let X be a smooth projective curve of genus g ≥ 2 over C. A triple T = (E 1 , E 2 , φ) on X consists of two vector bundles E 1 and E 2 over X, of ranks n 1 and n 2 and degrees d 1 and d 2 , respectively, and a homomorphism φ : E 2 → E 1 . We shall refer to (n 1 , n 2 , d 1 , d 2 ) as the type of the triple.
For any σ ∈ R the σ-slope of T is defined by
We say that a triple
We define σ-semistability by replacing the above strict inequality with a weak inequality. A triple T is σ-polystable if it is the direct sum of σ-stable triples of the same σ-slope. We denote by
the moduli space of σ-polystable triples of type (n 1 , n 2 , d 1 , d 2 ). This moduli space was constructed in [5] and [15] . It is a complex projective variety. The open subset of σ-stable triples will be denoted by
and
will be the open subset of σ-stable triples. Let µ(E) = deg(E)/ rk(E) denote the slope of a bundle E, and let
and let I denote the interval I = (σ m , σ M ). Then a necessary condition for N s X (σ; n 1 , n 2 , d 1 , d 2 ) to be non-empty is that σ ∈ I (see [6] ). Note that σ m > 0. To study the dependence of the moduli spaces on the parameter σ, we need to introduce the concept of critical value [5, 12] . Definition 2.1. The values of σ c ∈ I for which there exist 0 ≤ n
The interval I is split by a finite number of values σ c ∈ I. The stability and semistability criteria for two values of σ lying between two consecutive critical values are equivalent; thus the corresponding moduli spaces are isomorphic. When σ crosses a critical value, the moduli space undergoes a transformation which we call a flip. We shall study the flips in some detail in the next section.
Relationship with pairs. A pair (E, φ) over X consists of a vector bundle E of rank n and with det(E) = L 0 , where L 0 is some fixed bundle of degree d, and φ ∈ H 0 (E). Let τ ∈ R. We say that (E, φ) is τ -stable (see [8, Definition 4.7] ) if:
The concept of τ -semistability is defined by replacing the strict inequalities by weak inequalities.
′′ is a polystable bundle of slope τ . The moduli space of τ -polystable pairs is denoted by M X (τ ; n, L 0 ).
Interpreting φ ∈ H 0 (E) as a morphism φ : O → E, where O is the trivial line bundle on X, we have a map (E, φ) → (E, O, φ) from pairs to triples. The τ -stability of (E, φ) corresponds to the σ-stability of (E, O, φ), where (see [5] )
Therefore we have an isomorphism of moduli spaces 
Proof. In general, if σ is not a critical value for triples of type (n 1 , n 2 , d 1 , d 2 ) and gcd(n 1 , n 2 , d 1 + d 2 ) = 1, then σ-semistability is equivalent to σ-stability. This follows from [12, Remark 3.8] .
Smoothness for the σ-stable points follows from [5, Proposition 6.3] , since any σ-stable triple T = (E 1 , E 2 , φ) of type (n, 1, d 1 , d 2 ) satisfies automatically that φ : E 2 → E 1 is injective. The result if for non-fixed determinant, but the proof carries over to the case of fixed determinant.
The dimension appears in [8, Theorem 5.13] in the case of non-fixed determinant. Going over the proof, we see that we only have to substract 2g to the formula in [8, Theorem 5.13] .
There is an isomorphism
Flips for the moduli spaces of pairs
The homological algebra of triples is controlled by the hypercohomology of a certain complex of sheaves which appears when studying infinitesimal deformations [6, Section 3] . Let 
where by this we mean a commutative diagram
where the map c is defined by
We introduce the following notation:
By [6, Proposition 3.1], there are natural isomorphisms
We shall use the following results later: 
Fix the type (n 1 , n 2 , d 1 , d 2 ) for the moduli spaces of triples. For brevity, write
It follows that (see [6, Lemma 5.3] )
Definition 3.4. Let σ c ∈ I be a critical value given by (n
where T ′ and T ′′ are σ + c -stable triples with types (n
′′ 2 ) respectively, and for which T is σ . Note that in this case
, where the union is over all (n
′′ 2 ) such that the above conditions apply.
, where now
The following is [6, Lemma 5.8] . Actually the version in [6] is stated for the case of non-fixed determinant, but the fixed determinant version is completely similar. 
are contained in subvarieties of codimension bounded below by
where the minimum is over all (n
Proof. . Fixing the determinant of the triples T forces that, once T ′ is chosen, then the determinant of T ′′ is fixed. This reduces by 2g the dimension of the moduli space of σ ± -stable triples, and also reduces by 2g the dimension of the flip loci. Therefore the formula of the codimension is the same as in [6, Proposition 5.10].
Codimension estimates
We are going to apply Proposition 3.6 to the case of n 2 = 1,
respectively. (We shall have no need of particularising L 2 = O for the subsequent arguments to work, so we will not do it).
We start by computing codimension estimates for the flip loci S σ 
, and hence n 
We have
From where
for n ≥ 3 and for n = 2 and d 
Proof. By Theorem 2.2, the dimension of
The set S = N X,σc − N s X,σc is formed by strictly σ c -polystable triples. Therefore it is covered by the images of the sets
and X L 1 ,L 2 corresponds to those triples of the form
) whose fibers are moduli spaces of σ c -stable triples with fixed determi-
. Using (4.2), we get as in the proof of Proposition 4.1 that A > 0. Also the inequality σ c >
To prove that codim X ≥ 5 we need to prove that 1 + codim X = n ′′ 1 (2n
This is true except possibly in the following cases:
In this case we assume that σ c = 3d
• n ≥ 3 and n 3d 2 ) and σ m < σ c < σ M , we have that it must be σ c = 2 and d 1 − 3d 2 = 4.
• n ≥ 3 and n 3d 2 ) and σ m < σ c < σ M , we have that it must be σ c = 3 and d 1 − 3d 2 = 5.
Also we need codimension estimates for the families of properly semistable bundles over X.
Lemma 4.3. Let S be a bounded family of isomorphism classes of strictly semistable bundles of rank n and determinant
Proof. We may stratify S according to the ranks and degrees of the elements in the Jordan-Hölder filtration of the bundles. So we may assume that S consists only of bundles whose Jordan-Hölder filtration has associated graded object gr(
We use now [7, Proposition 7.9] , but it has to be modified to take into account that we are fixing the determinant of Q. This fixes the determinant of one of the Q i , say Q r . This reduces the dimension stated in [7, Proposition 7.9] 
The minimum of the right hand side is attained for n = 2, n 1 = 1, n 2 = n − 1, whence the statement. 
Proof. Working as in the proof of Lemma 4.3, we have that if S consists of polystable bundles Q = ⊕Q i , with
since the minimum occurs for r = 2, n 1 = 1, n 2 = n − 1.
Cohomology groups of the moduli spaces of pairs
Now we aim to compute the cohomology groups H i (N s X,σ ), for i = 1, 2, 3. Note that for σ non-critical, N X,σ = N s X,σ , so we are actually computing H i (N X,σ ). Moreover, in this case N X,σ is smooth and projective, so these are automatically pure Hodge structures. As a byproduct, we shall obtain the cohomology groups
, which is smooth and projective. In this case, these cohomology groups are well-known, however we shall recover them easily from our arguments. For n and d not coprime, the cohomology groups H i (M s X (n, L)) seem to be known to experts, but it is difficult to locate them in the literature.
We start with a small lemma.
Proof. The collection of moduli spaces N X,σ for n = 2 is described in detail in [16] . The critical values are given by [12, Lemma 5.3 ] to be of the form σ c = 3
, with n > 0 and the constraint σ m < σ c < σ M (this also follows easily from (2.1)). The last moduli space N X,σ − M is a projective space P (see [16, (3.1) ], or argue as in the proof of Proposition 5.7 below: in the discussion of the proof of Proposition 5.7, F should be a fixed line bundle, since the determinant is fixed, so N X,σ
. By [16, (3.4) ], there is an embedding X ֒→ P, given by
is the connecting map associated to the exact sequence
By [16, (3.19) ], the moduli space
, for σ L = σ M − 3, is the blow-up of P along X. The usual computation of the cohomology of a blow-up gives that
, where E is the exceptional divisor, which is a projective bundle over X. Also , we have the following cases:
• If d 1 − 2d 2 = 1 then there are no flips. So there is no such σ c and nothing to prove. (Actually N X,σ is a projective space for all allowable values of σ.)
whose cohomology has been computed above.)
for which the cohomology is computed above. For σ ∈ (σ m , σ M − 6), we have that N X,σ = N X,σ
(see the proof of Theorem 5.5, and note that deg(L 0 ) is odd). We can twist L 0 by a large power of a line bundle µ to arrange that deg(
. We have seen already that such cohomology group is isomorphic to H 1 (X) for
) in this case. The argument fails exactly for the critical value σ c = σ M − 6 = σ m + Theorem 5.5. Suppose n ≥ 2, and (n, g, d) = (2, 2, even). Then
, except in the cases (n, g, d) = (3, 2, 3k) and (n, g, d) = (2, 3, 2k) , k ∈ Z. In these cases,
) is a mixed Hodge structure and Gr We prove both Theorem 5.5 and 5.6 as follows. First we know that Theorem 5.6 is true for n = 2 by Proposition 5.4. Then we prove Theorem 5.5 for rank n assuming Theorem 5.6 for the same rank n. Finally we prove Theorem 5.6 for rank n ≥ 3 using Theorem 5.5 for rank n − 1.
Proof of Theorem 5.5 . Since the moduli spaces M X (n, L 0 ) and M X (n, L 0 ⊗ µ n ) are isomorphic via E → E ⊗ µ, for any fixed line bundle µ, we may assume that the degree d is large, say d > (2g − 2)n.
Fix 
X (n, L 0 )). Let us compute the cohomology groups of U. The complement S = N X,σ + m − U consists of triples (E, L 2 , φ) where E is semistable. By Lemma 4.3, the codimension of the family of such bundles is at least (n−1)(g −1). The fiber over E is contained in (but it may not be equal to) PH 0 (E). As E is semistable and d 1 /n−d 2 > 2g −2, this dimension is constant. So codim S ≥ (n − 1)(g − 1).
If (n, g, d) = (3, 2, 3k) and (n, g, d) = (2, 3, 2k), k ∈ Z, then codim S ≥ 3. Then Lemma 5.1 implies that H 1 (U) = H 1 (N X,σ that is, the family of Jacobians Jacis a projective bundle (off a subset of codimension at least two), there is another element H 1 which is well defined in the family, H 1 ∈ Pic(N). = m a θ, for some m a ∈ Q, for any 0 ≤ a ≤ k − 3. The conclusion is that for all possible polarisations θ ′ of N defined in families, we get that θ ′ is a multiple of θ. If σ is critical, then if there is only one polarisation for N
